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Abstract

Based on the difference between negative refraction and negative refractive index, the phase compensating effec
posed to distinguish negative refraction in left-handed materials (LHMs) and photonic crystals (PCs). With this effect
lens (PL) of LHM in which both propagating and evanescent waves contribute to the image could be well understoo
is differed from superlens made of PCs. Furthermore, a 1D periodic structure consisted of ordinary materials and LHMs w
predicted to realize higher and wider bandgaps than the 1D conventional photonic crystal due to phase compensating
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

An unusual material with both permittivity and pe
meability simultaneously negative was theoretica
investigated by Veselago in 1968[1]. This type of ma-
terial is called left-handed material (LHM) becau
when an electromagnetic (EM) plane wave propag
in it, the direction of Poynting vector (�E × �H ) will
be opposite to that of wavevector (k) so thatk, E, H

form a left-handed set of vectors. Some unusual e
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trodynamic properties of LHM such as inverse Sn
effect (negative refraction), reverse Doppler shift a
reverse Cerenkov radiation were proposed. Base
LHM, a novel device, “perfect lens” (PL) was pro
posed by Pendry in which light transmits to free sp
without loss [8]. Recently, LHM in the microwave
ranges has been predicted by Pendry et al.[2–4] and
realized by Smith et al.[5–7] by constructing two-
dimensional arrays consisted of split-ring resona
and wires, showing the negative refraction. On
other hand, photonic crystals (PCs) have been use
realize negative refraction which was proposed to
even to optical frequency region[9–11], showing great
potential applications.
.
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2. The difference of negative refraction between
LHMs and PCs

In this Letter, we will attempt to clarify the differ
ence of negative refraction between LHMs and P
(negative refraction in the lowest band). It is w
known that the refractive index is responsible to
phase velocity of EM wave and the refraction is rela
to the group velocity. So a clear awareness should
hold that negative refraction is not equal to nega
refractive index.Fig. 1 shows the difference of neg
ative refraction between LHMs and PCs. In LHM
there is a negative refractive indexnLHM = kLHM/k0.
In this case, the important property is that the dir
tion of phase velocity or wavevectorkLHM is opposite
to the direction of group velocity or Poynting vect
SLHM (Fig. 1(a)), so it is the negative refractive inde
that causes the negative refraction in LHMs. Howev
the negative refraction in PCs is only resulted by
tense scattering near the Brillouin zone boundar
and its refractive index,nPC = kPC/k0 is positive. Due
to intense scattering, the direction of the group vel
ity or Poynting vectorSPC is divergent from that o
the wavevectorkPC (Fig. 1(b)). Because of these tw
different mechanisms, there are many different p
nomena between LHMs and PCs. Here our focus
negative refraction in PCs is the negative refraction
the lowest band of two-dimensional square PC.

3. Phase compensating effect in LHMs

There are two EM wave forms, one is the propag
ing wave

(1)kz = +
√

ω2c−2 − k2
x − k2

y, ω2c−2 > k2
x + k2

y,

the other is the evanescent wave

(2)k′
z = +i

√
k2
x + k2

y − ω2c−2, ω2c−2 < k2
x + k2

y.
action in
(a) (b)

(c) (d)

Fig. 1. The difference of negative refractions between LHMs and PCs. (a) is the negative refraction in LHMs, (b) is the negative refr
PCs, (c) is the wave propagation in OM–LHM system and (d) is the wave propagation in OM–PC system.
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Only could the wave propagate in a medium when

(3)ω2c−2 > k2
x + k2

y.

Consider a two-layer slab asFig. 1(c) and (d),
one is consisted of ordinary material (OM) and LH
(Fig. 1(c)) and the other is OM and PC (Fig. 1(d)), in
which the impedances of both regions are the sam
the one of free space (Z1 = Z2 = Z0), resulting in the
perfect transmission of EM wave in both materials.

In the OM–LHM case, the indexes of the two-lay
are

(4)n1 = √
ε1µ1, nLHM = −√

εLHMµLHM ,

respectively. EM waves enter the system from the
surface of the first layer and exit from the right surfa
of the second layer. In the first layer, the wavevect
of two kinds of waves,k1 and k′

1 are parallel to the
direction of Poynting vector (S1). The phase differenc
in the first layer isn1

ω
c
d1. That in propagating wave

is

(5)k1zd1 = +
√

n2
1ω

2c−2 − k2
1x − k2

1yd1,

and for evanescent waves, that is

(6)k′
1zd1 = +i

√
k2

1x + k2
1y − n2

1ω
2c−2d1.

In the second layer, the wavevectors of two kinds
waves (kLHM andk′

LHM) are anti-parallel to the direc
tion of Poynting vector (SLHM ). The phase differenc
of the this layer isnLHM

ω
c
d2, for both propagating

waves and evanescent waves, which are

(7)

kLHMzd2 = −
√

n2
LHMω2c−2 − k2

LHMx − k2
LHMyd2,

(8)

k′
LHMzd2 = −i

√
k2

LHMx + k2
LHMy − n2

LHMω2c−2d2,

respectively. Because the impedances of the two la
are the same as the one of free space (Z1 = Z2 = Z0),
there is no reflection at this system’s interfaces. The
fore, the total phase differences of this system
n1

ω
c
d1 + nLHM

ω
c
d2 for both propagating waves an

evanescent waves, which are

k1zd1 + kLHMzd2

= +
√

n2
1ω

2c−2 − k2
1x − k2

1yd1

(9)−
√

n2
LHMω2c−2 − k2

LHMx − k2
LHMyd2,
k′
1zd1 + k′

LHMzd2

= +i

√
k2

1x + k2
1y − n2

1ω
2c−2d1

(10)− i

√
k2

LHMx + k2
LHMy − n2

LHMω2c−2d2,

respectively. Because the signs of the indexes are
verse and the directions of the wavevectors in t
layers are opposite, the total phase difference wo
be smaller than the one of the first layer. Hence th
is a phase compensating effect in LHM. For propag
ing waves, LHM acts as a phase compensator in
system[12]. It is clearly showed if both length and a
solute value of refractive index of two slabs in Eq.(9)
are the same, the phase difference is zero. Meanw
for evanescent waves, LHM reduces the decay in
plitude and acts as an amplitude compensator du
the imaginary part of evanescent waves in the w
equation. The total effect is to compensate the am
tude reduction in OM. It is interesting that the evan
cent amplitude would be the same as the origin w
the length and absolute value of refractive index of
first slab are the same as those of the second on
Eq.(10). So evanescent waves also can be transm
and waves in LHM can surpass the image limitat
due phase compensating effect.

However, in the OM–PC case, the indexes of
two-layer are

(11)n1 = √
ε1µ1, nPC = √

εPCµPC,

respectively. The signs of the indexes and the di
tions of the wavevectors in two layers are the same
PCs cannot be a phase compensator for propag
waves while the evanescent waves will decay ex
nentially. But near the resonant frequency, it is a
possible to obtain transmission amplitudes for evan
cent waves[13].

4. A perfect lens based on LHM

A perfect lens (PL) based on LHM is proposed
Ref. [8] as Fig. 2(a), which is a slab of LHM with
εPL = −1 andµPL = −1. The refractive index is neg
ative withnPL = −1 and the wavevector in PL is

(12)kPL = nPL

n0
k0 = −k0.
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Due to negative refractions, there are two focusing
age, one in PLs interior and the other at PLs ri
region. Another important character is that the i
pedance of PL is equal to that of free space,

(13)Z =
√

µ0µLHM

ε0εLHM
=

√
µ0

ε0
= 1,

which assures there is no reflection at every interfa
This makes all propagating waves contribute to the
age. FromFig. 2(a), the light distances of EM waves
free space and PL are the same and can be definedd .
For propagating waves, the phase difference betw
the object and the image isk0zd + kPLzd = 0, which
means that there is no information difference betw
the object and the image. On the other hand the p
difference of evanescent waves is alsok′

0zd + k′
PLzd =

i0, which means that the amplitude of evanesc
waves does not change when they propagate so
PL could make use of all evanescent waves. He
all information of the object, no matter propagati
and evanescent waves, can be displayed in the im
Fig. 2(b) is the phase varying simulation with an in
nite PL that depicts the phase variation from a dip

Fig. 2. The perfect lens. (a) is the schematic of the perfect lens
(b) is the phase variation in an infinite perfect lens system.
t

.

source at PLs left region. Due to the phase comp
sating effect, every point in PL has an identical ph
with its symmetrical point in PLs left and right re
gions. Both images in PL and PLs right region a
equal to the source at PLs left region. So based
phase compensating effect, PLs mechanism coul
easily understood.

Recently imaging by another flat lens using ne
ative refraction of PCs was realized in experim
[15]. This type of lens called superlens that can
tain subwavelength image is also discussed[13]. How-
ever, with positive refractive index, there is no pha
compensating effect, so the same perfect image a
source might not be obtained. Here the ‘perfect’ me
not only the image of evanescent waves but also
identity of the amplitude and phase.

5. 1D periodic structure consisted of OMs and
LHMs

Consider EM wave propagation in one-dimensio
(1D) system composed of periodic arrays of ordin
materials and LHMs (Fig. 3(a)), where we defined1
andd2 as the length of the ordinary material slab a
LHM slab, respectively. Then the lattice constant
the length of unit cell isd = d1 + d2.

Maxwell’s equations for the 1D system can redu
to the following wave equation in every slab:

(14)
∂E(z, t)

∂z2
= ε(z)µ(z)

c2

∂2E(z, t)

∂t2
.

By assuming the time dependence

(15)E(z, t) = E(z)exp(−iωt),

Eq.(14)can be written as

(16)
∂2E(z)

∂z2 + ω2

c2 ε(z)µ(z)E(z) = 0.

When the slabs are positioned periodically such
ε(x + d) = ε(x) andµ(x + d) = µ(x), the solution of
equation has a similar form as Bloch wave

(17)E(z + d) = exp(ikd)E(z),

wherek is known as the crystal momentum, or Blo
vector. In each three region, equation yields the us
plane wave solutions with arbitrary coefficients, whi
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we can describe as

region I, EI(z) = Aexp(ik1z) + B exp(−ik1z),

region II, EII (z) = C exp(ik2z) + D exp(−ik2z),

(18)
region III, EIII (z) = A′ exp(ik1z) + B ′ exp(−ik1z),

wherek1 = n1ω
c

(n1 > 0) andk2 = n2ω
c

(n2 < 0). Then
the condition of translational invariance expressed

Fig. 3. A 1D periodic system composed of alternate layers. (a) is th
sketch of alternate layers of ordinary materials and LHMs; (b)
dispersive relations of 1D periodic structure composed of alte
nate layers of ordinary materials and LHMs (dashed curves) an
conventional photonic crystal (solid curves) with|n2| = 3|n1| and
d2 = 2d1.
equation requires that

(19)

[
A′ exp(ik1d)

B ′ exp(−ik1d)

]
= exp(ikd)

[
A

B

]
.

With assuming the permeabilities of system asµ1 =
−µ2 = 1 for better comparison with the 1D conve
tional photonic crystal in which the permeability is s
as 1[14], the refractive index becomes the recipro
of impendence so that the refractive index could
considered instead of impendence[16,17]to calculate
the bandstructure. Then, we have the boundary con
uous conditions

EI(z) = EII (z)|z=−d1/2,

E′
I(z) = −E′

II (z)|z=−d1/2,

EII (z) = EIII (z)|z=−d1/2,

(20)E′
II (z) = −E′

III (z)|z=d1/2.

From Eq.(20) we can relate the traveling-wave coe
ficients of region I to those of region III by a matr
equation:

(21)

[
A′
B ′

]
= T

[
A

B

]
,

where

T11 = exp(−ik1d1)

×
[
cos(k2d1) − i

(
n1

n2
+ n2

n1

)
sin(k2d1)

2

]
,

T12 = i

(
n1

n2
− n2

n1

)
sin(k2d1)

2
,

T21 = T ∗
12,

(22)T22 = T ∗
11.

Using the condition of translational invariance, we c
write Eq.(18)as
[

A′ exp(ik1d)

B ′ exp(−ik1d)

]

=
[

exp(ik1d) 0
0 exp(−ik1d)

][
A′
B ′

]

=
[

exp(ik1d) 0
0 exp(−ik1d)

]
T

[
A

B

]

(23)= exp(ikd)

[
A

B

]
.
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From Eq.(23),{[
exp(ik1d) 0

0 exp(−ik1d)

]
T − exp(ikd)I

}

(24)×
[

A

B

]
= 0,

whereI =
[

1 0
0 1

]
. Then we can get the dispersion re

tion between the frequencyω and the crystal momen
tum k

cosk(d1 + d2)

= cos
n1ωd1

c
cos

n2ωd2

c

+ 1

2

(
n1

n2
+ n2

n1

)
sin

n1ωd1

c
sin

n2ωd2

c

= cos
|n1|ωd1

c
cos

|n2|ωd2

c

(25)

+ 1

2

( |n1|
|n2| + |n2|

|n1|
)

sin
|n1|ωd1

c
sin

|n2|ωd2

c
.

This relation is different from the 1D system com
posed of periodic arrays of two different ordinary m
terials withn′

1 > 0 andn′
2 > 0 [14], i.e., a 1D conven

tional photonic crystal,

cosk
(
d ′

1 + d ′
2

)

= cos
n′

1ωd ′
1

c
cos

n′
2ωd ′

2

c

(26)− 1

2

(
n′

1

n′
2

+ n′
2

n′
1

)
sin

n′
1ωd ′

1

c
sin

n′
2ωd ′

2

c
.

From Eqs.(25) and (27), we could see if the righ
terms of the equation is more than 1, there will exi
the stop bandgap, caused by the ratio of two dif
ent refractive indexes|n1|/|n2| or |n2|/|n1|. Fig. 3(b)
shows these two different dispersive relations
scribed by Eqs.(25) and (27). Here the correspond
ing refractive indexes have the same absolute va
n1 = n′

1 = |n1| and−n2 = n′
2 = |n2|. Compared with

1D conventional PC (solid), the periodic array inclu
ing LHMs (dashed) has wider bandgaps and hig
frequencies. Based on phase compensating effe
could be understood that the phase compensatio
every LHM slab leads to the crystal momentumk less
than that in 1D conventional PC and the lower cr
tal momentumk here is corresponding to higher fr
quency. In another word, the nominal samek does not
mean the same wave length but the longer one in O
LHM than in OM–OM which results in increasin
correspondent frequency. Therefore, compared w
a 1D OM–OM periodic structure, a 1D OM–LHM
one has higher and wider Bragg bandgaps with
same transmission. Based on this feature, by appl
LHMs in 2D or 3D periodic structure, the full ban
gap in them should be effectively enhanced and
larged. Meanwhile, the zero-ñ bandgap also could b
expected when the wavelength is much longer than
repeat distance of the structure including LHM[18].

For a special case in which the absolute value of
index of this system is the same,n1 = −n2 = n, and
length of the slabs isd1 = d2 = d/2. Then the disper
sion relation Eq.(25)can be reduced to

(27)cosk(d1 + d2) = cos2
nωd

2c
+ sin2 nωd

2c
= 1.

The frequencyω is not related to the crystal mome
tum k because the crystal momentum here is z
which is obviously caused by phase compensating
fect. So the frequencyω is only related to the wavevec
tor k1 or k2, and can be written as

(28)ω = ck1

n1
= ck2

n2
= c|k1|

n
.

If n1 = −n2 = 1, this system can be regarded as
juxtaposition of some identical PLs and free space
which all waves will transmit. Therefore, through ca
culation in 1D structure, the same impedance with f
space and phase compensating effect in LHM are
key mechanisms of PL, which results in both propag
ing and evanescent waves contribute to the resolution
of the image.

6. Conclusions

To summarize, the difference of the negative
fractive index and negative refraction was propo
to discuss the propagation of EM wave in LHMs a
PCs. From the negative refractive index, phase c
pensating effect for propagating wave and amplitu
compensating effect for evanescent wave were es
lished in LHMs. Due to these effects both propag
ing and evanescent waves could propagate in LH
and contribute to the images which result in perf
lens different from superlens realized by negative
fraction of PCs. A 1D periodic structure consisted
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OMs and LHMs was calculated to show higher a
wider bandgaps than 1D conventional PC with
same transmission.
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